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Similar Solutions for the Hypersonic Laminar Boundary
Layer Near a Plane of Symmetry

MASSIMO TRELLA* AND PAUL A. LiBBYf
Polytechnic Institute of Brooklyn, Freeport, N.Y.

The laminar hypersonic boundary layer near a plane of symmetry is treated from the simi-
larity point of view. Cases of favorable and adverse pressure gradients in the plane of sym-
metry and of inflow to and outflow from that plane are considered. The similarity parameters
are related to physical observables so that the results may apply, at least in terms of local
similarity, to determine the boundary-layer characteristics in practical problems. It is found
that crossflow has significant effects on the boundary layer in the plane of symmetry when the
pressure gradient is adverse.

A it
i = 1, 2, 3 =

F
9
G
h
hs
3

m
m
Me

n
Nat
P
P*

R
Re
s
t
u

y, z

7
r
5*

Nomenclature

integration const
ratio of p/z products,
skin-friction coefficients, cf. Eqs. (45)
transformed stream function for u velocity
?/-wise shear function, cf. Eq. (53)
stagnation enthalpy ratio, hs/hs,e
x-wise shear function, cf. Eq. (50)
static enthalpy
stagnation enthalpy
index (j = 0 for flat surfaces, j = 1 for curved

surfaces)
external flow parameter, m = ue

2/2hs,e
exponent in x, s relation, cf. Eq. (21)
external stream Mach number
exponent in pressure distribution, cf. Eq. (29)
Stanton number, cf. Eq. (48)
static pressure
curvature of pressure distribution in crossflow

planes
heat transfer at the wall
radius of curvature of body in plane of sym-

metry, cf. Fig. 1
energy transfer function, cf Eq (55)
Reynolds number, (2s)lt2/ner'
similarity variable, cf. Eq. (4)
exponent in radius distribution, cf. Eq. (19)
velocity component in x direction
crossflow velocity gradient
velocity vector
boundary-layer coordinates, cf Fig 1
similarity parameter, cf. Eq. (23)
similarity parameter, cf. Eq. (15)
ratio of specific heats
similarity parameter, cf. Eq. (24)
displacement thickness
similarity variable, cf. Eq. (3)
flow deflection from plane of symmetry
constants in asymptotic solutions
viscosity coefficient
mass density
components of wall shear
transformed stream function for crossflow
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Subscripts
e = external flow
k, k — 1 = iteration indices
0 = initial or reference conditions; conditions in

plane of symmetry
1 = asymptotic solution

I. Introduction

THE characteristics of the laminar boundary layer in the
neighborhood of a plane of symmetry are of interest in

connection with a variety of high-speed flows. Perhaps the
best known example thereof is the boundary layer on either
the windward or the leeward side of a circular cone at an
angle of attack. This example has been treated by Moore1- 2

and Reshotko3 for supersonic flow and recently by Cheng4

for the hypersonic case.
More general examples of a boundary layer near a plane of

symmetry arise on bodies of revolution at angles of attack and
on lifting surfaces either with or without angles of attack.
These flows involve pressure gradients in the plane of sym-
metry, either favorable or adverse, and a crossflow that may
be either inflow toward or outflow from the plane of sym-
metry. The three-dimensionality in the preceding examples
is due to the inviscid flow field associated with the surface
geometry. There are, however, cases wherein interacting
surfaces effectively uncouple the pressure distribution and
surface geometry. An example is the boundary layer on a
hypersonic inlet in the region of flow interaction between the
cowling and the main body.t Finally, there may be men-
tioned flows involving three-dimensional pressure fields in-
duced by the boundary-layer growth; such a flow would arise
when either plates or wedges of finite span are placed in a low
Reynolds number, high Mach number stream. If the span is
sufficiently small so that the spanwise edges influence the
boundary layer in the plane of symmetry, then an interacting
boundary layer with either inflow or outflow from that plane
would result.

In all of the foregoing examples prime interest concerns the
influence of the crossflow on the gross boundary-layer prop-
erties such as boundary-layer thickness, skin friction, and
heat transfer, and on the detailed profiles of the flow variables.
Thus, e.g., there is suggested in Ref. 5 the possibility of em-
ploying outflow to reduce the boundary-layer thickness and
either to prevent or to delay separation in the adverse pres-
sure gradient of a hypersonic inlet.

In recent years it has been common in boundary-layer in-
vestigations to study cases wherein flow similarity prevails so

J Eli Reshotko, in a private communication, has called atten-
tion to another example of such a case, namely, the boundary
layer on the side walls of two-dimensional wind-tunnel nozzles.
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INTERSECTION OF BODY SURFACE
WITH PLANE OF SYMMETRY

Fig. 1. Schematic representation of flow and coordinate
system.6

that the entire boundary layer is characterized by solutions to
a set of ordinary differential equations. With a pressure
gradient in the plane of symmetry and curvature of the pres-
sure field in cross planes, the similarity parameters applicable
to two-dimensional or axisymmetric flows are supplemented
by parameters related to the three-dimensionality. It is
found5 that only in the two limiting cases, either of low ex-
ternal Mach number (Me ~ m c^ 0) or of infinite external
Mach number (m ~ 1), is boundary-layer similarity possible.
The former is a special case, i.e., specialized to a plane of sym-
metry, of the three-dimensional "cold-wall77 flows treated by
Vaglio-Laurin6; in these, the crossflow is such that the velocity
vector within the boundary layer is almost coplanar with the
velocity vector in the external flow and thus that there is
little secondary flow.

The hypersonic limit requires mathematically an asymp-
totic treatment of the similarity parameters and of the stream
function yielding the crossflow velocity profiles. The re-
sultant analysis is thus strictly applicable only for Me —>• °o
(m = 1) and leads to infinite overshoot for the crossflow
velocity profiles. Thus, in contrast to the other limiting
case, large skewing of the velocity vector within the boundary
layer and large secondary flows occur with hypersonic Mach
numbers in the external flow. The physical explanation of
this behavior resides in the high gas density in the external
flow relative to that within the boundary layer; thus, a three-
dimensional pressure field leads to lateral motion of the gas
within the boundary layer enormously greater than that in the
external stream.

It is perhaps of interest to point out that solutions obtained
from a consideration of the hypersonic limit may be applied
for flows with finite but large Mach numbers external to the
boundary layer according to the viscous hypersonic inde-
pendence principle of Hayes and Probstein discussed in Refs.
7 and 8. It is to be expected on the basis of this principle
that the boundary layer would be altered only in a thin layer
near the outer edge as the Mach number in the external flow
is changed from one large value to another. As pointed out
in Ref. 5, such alterations could be computed by means of a
systematic expansion of the nonsimilar equations in terms of a
constant parameter 1 — mo representative of external flow
conditions; the zero-order solution is that of the hypersonic
limit, whereas, it would be expected from the foregoing principle
that the first-order corrections would be confined in the main
to the outer portions of the boundary layer.

Because of the possible applicability of similar solutions for
the laminar boundary layer near a plane of symmetry in the
hypersonic limit, there are presented here solutions to the
equations which are developed in Ref. 5 for such flows, but
which are solved there only for the cases of small, i.e., linear-
ized crossflow and of adverse pressure gradient in the plane
of symmetry. Accordingly, there will be obtained here solu-
tions for $ ^ 0 and a ^ 0, i.e., for favorable and adverse
pressure gradients and for inflow and outflow. The gas will

be assumed to be homogeneous, to have an approximate equa-
tion of state of the form p ~h~l, and to possess transport
properties in accord with the frequently employed assump-
tions.

II. Analysis

The coordinate system and velocity components are shown
in Fig. 1, which is taken from Ref. 5. The analysis proceeds by
expanding the flow and geometric quantities in powers of the
coordinate y as suggested by symmetry requirements. In-
troduction of these expansions into the boundary-layer equa-
tions for conservation of mass, of x-wise and y-wise momen-
tum, and of energy, and consideration of only zero- and first-
order terms in y leads to the set of partial differential equations
describing the boundary layer near a plane of symmetry.
The independent variables are x and z, and the dependent
variables are the velocity components u and w, the mass
density p, the stagnation enthalpy hs, and the derivate with
respect to y of the crossflow velocity denoted simply v. Thus
the actual velocity either into (v < 0) or out of (v > 0) the
plane of symmetry is vy whereas the crossflow "velocity pro-
file" is given by v/ve$ The pressure field is characterized by
p(z,y) — PQ(X) + yzpz(x) + - . . where, without ambiguity,
the subscript zero may be dropped on pQ, and where p% is the
curvature of the pressure in cross planes. The velocities in
the external flow are related to the pressure field by

peue(r've)x + peve
2 = —

(1)

(2)

Similar solutions to these equations are now sought by in-
troducing a two-component, i.e., vector stream function and
new independent variables 77, § after Levy-Lees where

(4)

The resulting ordinary differential equations with 97 as the
dependent variable involve the usual similarity parameter for
two-dimensional (j — 0) or axisymmetric flows, i.e., ft, and
two additional parameters a. and F associated with the three-
dimensionality. ̂  Also explicitly appearing in these equa-
tions is the density ratio pe/p; it is removed by introduction
of the approximate equation of state p ^ h~1 and by use of
the definition of the stagnation enthalpy hs. Finally, these
equations contain a parameter which is associated with the
Mach number of the external stream in the plane of sym-
metry, which is denoted m = ue

z/2hs,e and which plays an im-
portant role in establishing the possibilities for similar flow in
the general case /3 ^ 0.

Final Equations and Their Physical Significance

Attention is now directed to the hypersonic limit m -> 1; in
this case the similarity parameters /5 and a must approach
zero while J3 = /3(l — m)"1, a. = a(l — m)"1 remain finite,
and the function yielding the crossflow velocity profile must

§ Note that, for flat surfaces, the coordinate y is the Cartesian
coordinate normal to the plane of symmetry, whereas for geom-
etries with a radius of curvature r, the coordinate y is an angle
as in Fig. 1. Thus the dimensions of v differ in the two cases,
which are identified here by j = 0, 1 in the same manner as is
customary in analyses treating simultaneously two-dimensional
and axisymmetric flows.

I" Note that T is denoted y in Ref. 5. This change is made so
as not to introduce ambiguity with respect to the ratio of specific
heats in the external flow, a parameter' involved in the present
report but absent in Ref. 5.
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be similarly stretched by (1 — m) ~l.
are

/'" + /"(/+ « «0 +P
T(g- r

The resulting equations

-n = o

= 0

g'(J+&<p) = 0

(5)

(6)
(7)

where ( )' denotes differentiation with respect to 77, and
where, as is frequently done for simplicity, C = pju/pejue, and
the Prandtl number has been taken to be unity. Equations
(5-7) are to be considered the final equations being treated
here; accordingly, it will be of interest to relate the dependent
variables/, <p, and g and the similarity parameters to physi-
cally significant quantities.**

The quantities / and g have their usual physical significance

/' = U/Ue

g = hs/hs,e
so that the boundary conditions thereon are

rj = o /' = 0 g = gw = const

?? -* °° /' = g = 1
The crossflow velocity profile is given by <p according to

<p' = v(l - m)/ve (10)

(8)

(9)

where in the hypersonic limit, m — > 1 and v/ve
boundary layer so that <p' is well defined.
gradient v is more conveniently expressed as

> 1 within the
The velocity

(11)
which is well defined. Now the boundary conditions on <p'
may be seen from Eq. (10); at the wall v = 0 and at infinity
v —*• ve so that when m —>• 1 there are obtained

<? = 0

= 1 - W ̂  0
(12)

The final boundary conditions on / and <p are imposed at
77 = 0; without loss of generality it is permissible5 to takejf

n = Q f = <p = o (13)

Similarity Parameters and Their Physical Significance

Consider next the similarity parameters, p, a, and F. The
first has its usual meaning in terms of s, i.e.,

/3 == {2s/[u e ( l -in)]}(due/ds) (14)

which may be written

j3 = §(1 - m)-l(dm/ds) (15)

so that
*.

-J ~ „— ft (-1 n\1 - m ~ s P (16)

Now in the hypersonic limit m -^ 1 it is understood that the

** It may be of interest to compare Eqs. (5-7) with j§ = 0 to
those of Cheng4; the independent variable 77 = 2~1/2£ and/ —
2~1/2F where F and f are Cheng's variables; r == |; and (1 —
m)~l a = a. = kin Cheng's notation.

f t Eli Reshotko has pointed out, in a private communication,
that for the special case (3 = 0, r = f a comparison of his solu-
tions in Ref. 3 for m < 1 and of those of the present report for
m = I leads to an indication of the practical applicability of the
latter to cases ra < 1. The indications are that m must be
greater than perhaps 0.98; it would thus appear that the series
expansion scheme that is outlined in Ref. 5 and that permits
systematic consideration of 1 — m > 0 would be of practical
interest.

proportionality factor in Eq. (16) is sufficiently small so that
m ̂  1.

The further discussion of (3 and the subsequent discussion of
a and F are facilitated if, as in Ref. 7, pp. 304-305, the gas in
the external stream is considered to possess a constant ratio of
specific heats 7. Then

he = hs,e(l - m) = [7/(7 -

so that Eqs. (16) and (17) yield

p (18)
Furthermore, let

r ~ x* (19)
where clearly in the case of a flat surface j = t = 0, and takett

PeM* ~ P (20)
It is noted that the calculations carried out here have taken
t > 0 but there can arise cases wherein t < 0 would prevail.

These assumptions, when applied in the hypersonic limit
and when introduced into Eq. (4), result in

x ~ s™ (21)

where

I) (22)

Clearly then, Eqs. (19) and (21) imply that for conical bodies
(t = 1) with /3 = 0, m = | as usual, and that, from a known
pressure distribution p = p(x) and a known value of t and 7,
it is possible to determine the value of /3 for similarity.

With the geometry specified as by Eq. (19) the two param-
eters characterizing the crossflow are related as follows. By
definition,

- m)]

= (2s/rive)[d(r*ve)/ds]
Equation (24) implies

r>'ve §r/2

(23)

(24)

(25)

where again in the hypersonic limit, the proportionality factor
is sufficiently small so that t;e ~ (1 — m) as m -+ 1. Now if
a is to remain constant, then the foregoing assumptions relative
to the external stream and to the geometry, and Eq. (25) when
considered in Eq. (23), lead to a relation

F = [St/(2t + 1)] - 2 + [2$/(y - 1)] X
{[4*T/(2*+ l ) ] - 2 7 + l } (26)

which determines F once $, t, and 7 are selected. In the
special case $ = 0, t = 1 corresponding to a cone, F = f in
accord with previous analyses thereof.1"4

The similarity parameter a is related to physical quantities
through Eq. (2) ; if therein, the derivative with respect to x is
replaced by one with respect to s, and if the definitions of a
and F are considered, Eq. (2) leads without approximation to

F + a(l - m) =
- 2[p2/(l - m)](2§/PeM^r202(«Pe^V20-1 (27)

In the hypersonic limit as m -> 1, and with the approximations
attendant with the external flow and with the geometry, Eq.
(27) leads to the requirement that

p, ~ s» (28)

it In Ref. 5 p«Me was incorrectly taken to be constant so that
the considerations leading to Eq. (27) therein are in error; ac-
cordingly, the linearized solutions presented there pertain to
bodies whose distribution of radii r do not correspond to either
bodies of revolution or flat surfaces as stated but rather to bodies
with other power law variations of r.
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where

n 6mt - 2 - [37/3/(7 - 1)] (29)

for similarity and to an equation yielding a. in terms of the
physically measurable quantity p2, namely,

A = - 2 [ y / ( y - l)}(s/pe^er^ OXe)"1 te/p) (30)
From Eqs. (23) and (30) it may be seen that ve ~ - p2T so
that the occurrence of either inflow or outflow depends on the
signs of both p2 and T; e.g., if j§ = 0 and p2 < 0, ve > 0 if
t>%. This result indicates the coupling between the pressure
field and the geometry.

It is perhaps appropriate to remark at this point that, as in
all analyses based on similarity, the restrictions implied by
Eqs. (18, 19, and 28) may apply in practical problems only
over a range of x and/or s; e.g., from Eq. (18) with ft > 0,
p _*. oo as s —>- 0. Thus it will be convenient as well as practi-
cal to assume below an initial length x0 > 0 beyond which
similarity prevails. When similar solutions are applied in
this manner, there arises, of course, the question of how far
downstream from x0 the effect of the prior nonsimilarity per-
sists. Such a question can only be answered by a nonsimilar,
but perhaps linearized, analysis.

Transformed Stream wise Variable

In employing Eqs. (18, 28, and 30) for the selection of the
appropriate values of the similarity parameters for a particu-
lar flow, it is necessary to have explicitly s = s(x). Such a
relation in accord with the assumptions relative to the external
flow and to the geometry employed here can be developed as
follows. Assume that there exists a length x0 > 0 with a re-
lated s0 beyond which (x > x0, s > s0) similarity prevails.
Assume further that at this station the quantities in the exter-
nal flow are denoted by ( )e,0 and the radius by TV'. Then
Eq. (4) leads to

s - S0 = pe,o/*«,o(2A,,,)1/2 ro*>'xom[(x/xo)1''» - 1] (31)

which is the desired relation.

Asymptotic Solution

It is sometimes of interest in establishing uniqueness of
solution and methods of numerical analysis of equations such
as Eqs. (5-7) to consider the behavior of the solutions as
rj -*- oo. Accordingly, such solutions have been obtained
here for Eqs. (5-7) following the methods employed in the
past for two-dimensional and/or axisymmetric flows in, e.g.,
Ref. 9 and for three-dimensional flows in Ref. 10.

Let

/to) ^to ~ *i) + /ito) + - . .
<f>(l) ~ *2 + Pito) + . . . (32)
g(ri) ~ 1 + ft to) + . . .

where HI and x2 are constants, where Eqs. (32) reflect the de-

Fig. 2 Stream wise ve-
locity profiles, a = 1.

sired boundary conditions at 77 —> oo ? and where /i, <pi, and gi
are considered the first-order deviations from infinity values
and are required to vanish as 77 -*• oo. The equations for
these deviations are obtained by substitution into Eqs. (5-7)
and are conveniently written as

Q\" + <7i'to — xi + ax2) = 0 (33)

-T(gi- 2/i') (35)
so that ^i, /i, and <pi can be solved for successively.

The solution for Eq. (33) with the appropriate condition at
oo is9

erfc[to -
X

exp[- (77 - (36)

where it is assumed that (77 — xi + a>c2)2~1^ ̂  1, and where
AI is a constant of integration to be evaluated, e.g., from a
numerical solution for g extended to sufficiently large 77 so
that there apply the approximations attendant with Eqs.
(32) . Clearly, with one constant of integration, g can be made
continuous at a matching point between the asymptotic solu-
tion with the correct behavior as rj -> oo and a numerical
solution, obtained by integration from 77 = 0; but a dis-
continuity in g' will in general occur there. Indeed the mag-
nitude of the discontinuity in g' can be employed for the
selection of the proper numerical solution, e.g., of the proper
value of gw'.

The solution for // from Eq. (34) can be obtained in the
usual manner from a linear combination of two comple-
mentary solutions and the particular solution; there results

/ = to - X! + dxa)-1 exp[-(77 - xi + <2*)2

{ ft to - X! + <$x2)-2$ - (At/2)}
X

(37)

where ft and B2 are constants of integration; a final integra-
tion of Eq. (37) would lead to a third integration constant
J53, which must be zero if /i -+• 0 as^ -> oo . The constant ft
is set equal to zero for all values of $ according to the following-
reasoning; if j8 > 0, ft must be zero to insure decay of/! as
rj -* oo ; whereas if J3 < 0, ft is set equal to zero to insure ex-
ponential decay of the boundary-layer solution into the solu-
tion for the external flow. It is this auxiliary condition that
removes the nonuniqueness for such flows. The remaining
constant of integration ft and the parameter xi may be
selected so that the asymptotic solution is continuous in /
and /' with a numerical solution extended to sufficiently large
77 so that Eqs. (32) apply. In this case the magnitude of the
discontinuity in /" at the matching point can be used as a
criterion for the selection of a suitable numerical solution,
e.g., of/*,".

In a similar fashion, the solution for <pi can be obtained
from two complementary solutions and a particular solution
to Eq. (35). The analysis is simplified if B2 is set equal to
zero a priori; there results

<Pi' = to - "2)-1 exp[- (77 - x, + <Sx2)2/2]{Cito -
X! + a*2)-r - 2Fft(r - 2£T1to -

K, + *x2)-2£} + C2(rj - *! + dx2)T (38)

where again, Ci and C2 are constants of integration, and where
a third constant, which must be set equal to zero for (pi -+ 0
as 77 — >• oo ; will arise from a final integration. The previous
discussion pertaining to the constants ft arid B2 in the equa-
tion for /i applies here as well; thus a numerical solution
carried out to a sufficiently large 77 can be continued smoothly
in <p and <pf to 77 — > oo through proper selection of x2 and C\\
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the discontinuity in (p" at the matching point can be used for
the selection of the correct value of <pw". It is noted from
Eq. (38) that, if F — 2$ = 0, then BI must be zero, and the
solution for// nnist be modified to include higher-order terms
in the expansion for the complementary error function.

The main point of interest relative to the asymptotic solu-
tions in the present report is the nonexistence of limitations
on a, $, and F imposed by the asymptotic behavior. This
situation is in contrast to the case that pertains to the super-
sonic flow over a cone at an angle of attack (ft = 0, F = f,
ra < 1) and in which1- 2 a> — 1 in order for solutions to exist.
This limitation is usually interpreted as a breakdown of flow
similarity and not necessarily of the boundary-layer theory
itself. It should be noted that this nonexistence of restric-
tions imposed by the asymptotic solutions does not guarantee
the existence of numerical solutions for the whole range of 77.

Three-Dimensional Displacement Thickness

There may arise in connection with the design of hypersonic
inlets, and/or with the study of three-dimensional interaction
effects describable by the present analysis, the need to com-
pute the distribution of displacement thickness. Now it has
been shown by Moore1 and Lighthill11 that the proper defini-
tion of displacement thickness, in the present case 5* =
8*(x, y), is

(39)

For the coordinate system and flow considered here, and with

d*(x, y) ~ do*(z) + y28z*(x) + ... (40)

Eq. (39) results to the lowest order in the equation

-— 14-P.M.J j

If now flow similarity prevails, and if the approximate equa-
tion of state p ̂  h~1 is applied, there results in the hypersonic
limit ra — * 1 to lowest order

<3o* = (42)

which leads, in accordance with the assumptions relative to
the external flow and to the forementioned geometry, to

[ypue/hs,e(j

]>-• , = = A (43)

The integral thickness A has been computed while obtain-
ing the solutions presented here. It is noted that A appears
explicitly in the method of solution of Eqs. (5-7), and that A
is always finite provided asymptotic behavior involving ex-
ponential decay is required.

Skin Friction and Heat Transfer

Solutions to Eqs. (5-7) can be employed in the usual man-
ner to compute the skin friction and heat transfer to the
body. In the present three-dimensional flow, the wall shear
has, of course, two components, which may be denoted
TW

(X) and rw
(y}, and which, in accord with symmetry require-

ments, may be expressed to lowest order as

(44)

Fig. 3 Energy profiles,
^ ia = 1.

Correspondingly, two skin-friction coefficients may be defined
and expressed conveniently as

^-1/2

(45)

where Re* E= (2s)1/2/W- From Eqs. (45), the role of /„"
and (pw" in the computation of the shear stresses is clear.

Note that the angle 6 between the streamline at the surface
(z = 0) and the plane of symmetry may be computed from
rw(x) and Tw^'} it is easy to show that

tan<9 = (46)

This angle should, of course, be compared to the corresponding
angle that prevails in the external stream and that, in the
limit as m -> 1, is zero.

The heat transfer to the surface is independent of y to first
order, i.e., qw — qw,Q + y2qw,2 so that

(47)

and there can be defined conveniently a Stanton number

(48)

Method of Solution

Solutions of Eqs. (5-7) may be obtained by standard
numerical methods for systems .,of ordinary differential equa-
tions. The only difficulty pertains to the two-point nature
of the boundary conditions; for the equations of interest
here numerical integration may be initiated at 77 = 0 pro-
vided values of fw", <pw"f and gw' are assumed and then suc-
cessively corrected10 such that, as 77 -> co }f = g = l} ^' = Q.
However, it appears preferable to employ the iterative
method, apparently due to Weyl12 and used in Refs. 13 and 14
for simpler problems. §§

The details of the method are as follows. Let G = /" and
write Eq. (5) in the iteration form

Gk
f + Gk(J (49)

Equation (49) is interpreted as a first-order linear equation;
the solution is

Gk = exp[- fj (/

exp

r ~ 0)*-i X

.*[ = /*" (50)

.(»)

§§ Note that other iterative methods of solution involving for-
mal quadrature of the describing equation and integration by
parts have been used in the past.9' 15> 16
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Fig. 4 Crossflow velocity profiles, a = 1.

where Gw,k is the constant of integration. A second integra-
tion with/A/(0) = 0 results in

/*' = fQ" exp[~ J0"

exp[Jo" ' (/ + "' dr," + (?„,* cfy' (51)

Equation (51) applied at a large 77 with // = 1 determines
(r«,,jfc. A final integration with //c(0) = 0 may be written
formally as

(52)

Similar treatment is applied to Eqs. (6) and (7); thus let
p = <£,"? and R==gf] there is obtained from Eq. (6) after two
integrations

' = fo exp[~ Jo*'

,k dr,' (53)exp

Again if Eq. (53) is applied at a large 77 and <pk' set equal to
zero, then it is possible to evaluate FWtk; a final integration
with ^fc(O) = 0 yields

*k = Jo" ̂ '^' (54)

Similarly, two integrations of Eq. (7) result in

gk - gw = Rw,k /J exp[- Jo* (/ + <*7)*-i<v] <fy' (55)

where again Rw,k is evaluated from Eq. (55) so that gk = 1 for
large rj.

£-15 £=.2
Fig. 5 Stream wise ve-
locity profiles, a = — 1.

Fig. 6 Energy profiles,
a = -1.

Remarks Concerning Numerical Analysis

A consideration of Eqs. (51-55) will show that a straight-
forward iteration procedure involving only quadrature can be
carried out to find the functions /, <p, and g satisfying Eqs.
(5-7), and the boundary conditions. Some remarks concern-
ing the procedure as actually applied in the present report
may be of interest. The quadratures were programed on a
small scale computer, the RECOMP III, using a trapezoidal
quadrature rule. The boundary conditions at "infinite" were
generally imposed at 77 = 6; the values of/", <p", and g' ob-
tained at this value after convergence to a solution were
examined in each case and were found to be on the order of
10~7 or less.

For simplicity in programing, a uniform interval of 77 equal
to 0.1 was used in the quadratures, although it was recognized
that shorter computing time would have resulted if a coarse
interval had been employed in the early iteration cycles, and a
successively finer one, with interpolation employed, as a solu-
tion was approached.

The distributions required for initiation of iteration were
taken to be /', <p', and g; Eqs. (52) and (54) were employed
immediately to yield / and <p. These initial distributions
were generally obtained from a solution corresponding to an
"adjacent" solution in the following sense: It will be recog-
nized thatj if 7 and t are selected, a solution is characterized by
values of p, a, and gw, the value of the similarity parameter F
being given by Eq. (26). It was the purpose of this study to
examine the influence of these parameters on the boundary-
layer properties so that a range thereof was covered. Thus a
solution for one set of values was employed as the first ap-
proximation to the solution for a set in which one or more of
the characterizing parameters were altered somewhat.^

0 0.02 O.O4 0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20

Fig. 7 Crossflow velocity profiles, a — — 1.

6.4 0.6 0.8 1.0

f 1

Iffl By obtaining the solutions in terms of/', <f>', and g on tape
as well as on conventional type-out, input handling was facili-
tated.
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Fig. 8 Variation of streamwise wall-shear parameter. Fig. 9. Variation of heat-transfer parameter.

Convergence was monitored by examining successive values
of the wall parameters /«/', <£></', and gw'; a solution was con-
sidered to have been obtained when [(/«,")* — (fw")k-i] X
C/.")*-1, K^'%- C^'')*-1]^'')*-1, [fa/)*- fa/)*-i] x
(gw')k~l < 10~4. In general convergence to these tolerances
for p, a > 0 was achieved in 3-4 cycles and required roughly
12-16 min. Rate of convergence degraded as either /3 or a
became negative, and indeed, as will be seen in "Discussion of
Results," it was not possible with the direct iteration method
described here to find solutions in some cases where, on the
basis of existing results, e.g., for either J3 = 0 (Ref. 4) or
a — 0 (Ref. 9), solutions would be expected.

III. Discussion of Results

The values of the characterizing parameters for the solu-
tions obtained in this study are displayed in Table 1. All
solutions correspond to 7 = 1.4, gw = 0, which are perhaps
the values of greatest practical importance; in addition most

Table 1 Summary of numerical results; 7 = 1.4, gw = 0

a ft

5 -0.
-0.
-0.
-0.
-0.
-0.
-0.
0

3 0.
2 0.
1 -0.

-0.
-0.
-0.
-0.
0
0.
0.
0.

8
.7
6
4
3
2
1

5
5
55
5
4
3
2

1
2
3

0.4
0.

-0.5 0
-1 -0.

-0.
0
0.
0.
0.

-2 0.
0.
0.
0.

1 -0.

5

15
1

.2
,4
5
15
.2
4
5
2

0
0,
0,
0
0.
0
0
2.

r
4
.4333
.4667
.5333
.5667
.6
.6333

0.8333
0,
0.
0,
0,
0
0.
!
0.
0
0,
0
0
2
3
0
0
2.

8333
.4833
5
.5333
.5667
.6

.7

.7333

.7667

.8

.8333

.6167

.6333

0.7333
0
0
.8
.8333

0.7167
0
0
.7333
.8

0.8333
-0
0.
0
0

.2
4
.6471
.76

t fw" gw'
1 0.
... 0.
... 0.
... 0.
... 0.
... 0.
... 0.
... 0.
... 0.
... 0.
... 0.
... 0.
... 0.
... 0.
... 0.
... 0.
... 0.
... 0.
... 0,
... 0
... 0,
... 0
... 0,
... 0
... 0,
... 0.
... 0.
... 0,
... 0.
... 0.
... 0.
... 0,
0 0.
0.5 0
1.2 0.
2 0

,1917
2947
3692
4701
5065
.5372
,5635
,5867
6426
6249
1290
,2228
3271
,3914
,4378
,5040
5294
.5515
.5712
.5888
.6048
.4478
.2951
.3595
.4175
.4862
.5329
.5520
,3810
.4164
.4875
.5116
,3441
.4259
,4402
.4456

0.
0.
0.
0.
0.

5533
5640
5706
,5784
5810

0.5832
0.
0.
0.
0.
0.
0.
0.

5850
.5867
5606
5416
4257
,4487
4712

0.4839
0.
0.
0.
0.
0.
0,
0.
0
0,
0
0,
0
0,
0,
0.
0,
0.
0.
0.
0.
0.
0

4925
5040
5083
,5118
,5149
.5177
.5201
.4478
.3487
.3900
.4175
.4433
.4578
.4632
.3432
.3696
,4092
.4199
4101
.4818
,4947
.4995

<pw"

0.
0.
0.
0.
0.

1311
1239
1182
1108
1085

0.1067
0.1054
0.1045
0.
0.
0.

1065
,1088
1982

0.1749
0.
0.
0.
0.
0,
0,
0,
0
0
0
0
0
0
0

1518
,1388
1306
1209
,1179
,1157
.1139
.1261
.1115
.1354
.1923
.1631
.1447
.1291

0.1216
0
0,
0
0
0

-0.
0,
0,
0

.1193

.1590

.1474

.1301

.1258

.07798
,09445
.1385
.1566

solutions correspond to t = 1, i.e., to bodies of conical shape,
but additional solutions indicating the effects of variations in
t have also been obtained. It is noted that the linearized re-
sults of Ref. 5 indicate some sensitivity of the boundary layer
under consideration to the value of gw, but additional solu-
tions for various gw, for t < 0, and for different 7 are left for
further study. Note of course that since 7 and t appear only
in F through Eq. (26) the present solutions ma3r be employed
for combinations thereof.

The results are presented in terms of representative profiles
of/', g, and <p' and of the variation with the similarity param-
eters j§, a, and F of the gross properties of the boundary layer
such as the wall parameters,//', gw', and <pw", which are listed
in Table 1 and which are displayed graphically as well.

Profiles

Figures 2-7 present the velocity and energy profiles for
a. = 1, —1, for various values of /3, and for t = 1. Considera-
tion of Figs. 2 and 5 and of Figs. 3 and 6 indicates that the in-
fluence of inflow and outflow is relatively small on the/' and g
distributions provided J3 > 0, but that there is a strong effect
of crossflow if j§ < 0, i.e., if the pressure gradient is adverse.
The crossflow profiles, on the contrary, are strongly dependent
on the value of /3, whether it be either positive or negative.

Wall Parameters

Figures 8-10 show the variation with J3 and a of the wall
values/«,", gw'j and <pw", respectively. Compared with Ref. 9
in Figs. 8 and 9 are the values of fw" and of gv' for a = 0;
similarly ̂ compared with Ref. 4 in Fig. 10 are the values of
(pw" for /3 = 0. The excellent agreement in all cases will be
noted.
^ From Fig. 8 it will be noted that, for a given a, the effect of
0 on/w," appears qualitatively similar to that given for a = 0
in Ref. 9, i.e., there is a value of /3, below which no solutions
exist and in the neighborhood of which there are two solu-
tions. Unfortunately, as just implied, direct application of
the iterative method of solution employed here permitted
neither the quantitative determination of these minima nor

-0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6

Fig. 10 Variation of crossflow shear parameter.
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-Q8 -0.6 -0.4 -0.2

Fig. 11 Variation of displacement thickness integral. Fig. 13 Effect of geometry on "flow parameters.

the demonstration of the multiple solutions for a given ft.*
Also to be noted in Fig. 8 is the strong influence in delaying
separation of outflow; this influence could only be indicated
by the linearized analysis of Ref. 5.f The converse behavior
of inflow is also shown in Fig. 8; indeed, it will be seen that for
a. < —2 no solutions exist unless ft > 0. The linearized
analysis completely fails in these cases.

Figure 9 indicates relatively little effect of a and ft on the
heat-transfer parameter gw' except in the neighborhood of the
minimum values of ft. There, large reductions in gw' are seen
to exist.

The effect of ft and d on the displacement thickness param-
eter A is shown in Fig. 11. Again it will be noted that sig-
nificant alterations in this parameter occur when ft < 0, but
that relatively small alterations arise when ft > 0. This result
would seem to imply that relatively large values of d are re-
quired if the interaction along a plane of symmetry of a finite-
span plate is to be affected by span wise flow. Whether such
values of d are realized cannot be estimated simply since they
will depend on the geometry of the plate as well as the interac-
tion itself.

In Fig. 12 there is shown a replot of the results ofJFig. 8 to
indicate the effect of d on fw" for given values of ft, and to
permit comparison with the results that are given in Ref. 4
and that pertain t o - f t — 0. The excellent agreement will be
seen. It is noted from Fig. 12 that, for ft < 0, e.g., for ft =

O PRESENT RESULTS
V PRESENT RESULTS

(INTERPOLATED)
-x COHEN a

R E ' "

Fig. 12 Variation of
streamwise wall-

shear parameter.

* All methods of treating the two-point boundary conditions
encounter {difficulties in these cases. The present method may
be altered so as to incorporate under or overrelaxation as in Ref.
9, but this ,was not done in the present study.
| In the numerical example of an axisymmetric body in a

stream with M^ = 20, it is shown in Ref. 5 that values of a — 4
can be obtained at an angle of attack as small as 2°; these data
plus Fig. 8 imply significant alteration of separation characteris-
tics due to outflow. They also indicate that values of a > 5,
the maximum value considered here, may be of interest; indeed,
Cherig carried out his calculation to a = 15.

— 0.388, the value of/«," is sensitive to small increments in
d > 0. This implies that the linearized analysis of Ref. 5
can, in these cases, be applied only to a small range of a,
whereas for ft > 0, a wider range of applicability prevails. J

The effect on the wall properties of geometry as contained
in the parameter t (r ~ x*) is shown in Fig. 13 for a pair of
values d = 1, ft = —0.2. It will be appreciated from a con-
sideration of Eq. (26) that the similarity parameter T changes
as £ changes. Indeed for 7 = 1.4 and for this particular value
of ft T = 0 for t = 0.1; this implies from Eq. (30) that p 2 < 0
for t < 0.1. Of interest to note from Fig. 13 is that the solu-
tions presented here for t = I appear to be applicable to a
wide range of values of t provided F > 0.

Remarks Concerning Further Studies

It has been pointed out above that additional work can be
done to obtain solutions for gw > 0 and for t < 0, and that
quantitative assessment of the duality of similar solutions in
the neighborhood of the minimum ft would also be desirable.
It also may be noted that there might be some interest in the
case of boundary layer near a plane of symmetry with mass
transfer as, e.g., through a porous surface. The experiments
in Ref. 17 indicate the importance of outflow and inflow on
the normal forces; arising on cones with mass transfer due to
the lateral motion of the boundary layer from the windward
to the leeward side, and to the alteration of the pressure dis-
tribution so as to reduce the normal force. This extension
involves only making /„, ^ 0 in Eq. (13) but, of course, the
mass-transfer rate per unit area per unit time must vary ap-
propriately with x, i.e., as (s)~1/2.
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Magnus Characteristics of Finned and Nonfinned Projectiles
ANDERS S. PLATOU*

Ballistic Research Laboratories, Aberdeen Proving Ground, Md.

This is a summary of the Magnus force and moment measurements obtained on finned and
nonfinned projectiles during the past several years. Most of the measurements have been
obtained in the Ballistic Research Laboratories' (BRL) supersonic wind tunnels, with a few
measurements taken in the BRL transonic range and the Naval Ordnance Laboratory's wind
tunnels. The results have provided considerable insight into the generation of the Magnus
force and moments on both finned and nonfinned projectiles. For nonfinned bodies at small
angles of attack, having a laminar boundary layer, the Magnus force, at least on short bodies,
obeys Martin's theory. At high angles of attack the Magnus force can be estimated from the
lift force on a spinning cylinder flying perpendicular to the flow. The Magnus force on a spin-
ning finned projectile is composed of two forces: a body force and a fin force. The forces nor-
mally act in opposite directions, thereby tending to cancel one another. However, the forces
do not act at the same location; therefore a Magnus moment is created which is nearly inde-
pendent of the center of gravity position. There are also two other known sources of Magnus
moments on finned bodies which are created under certain conditions. These conditions
are defined in this paper and the magnitude of the moments are estimated.

Nomenclature

a — speed of sound
b = fin span
d = major model diameter (also see Fig. 19)
r = radius of model or distance from center of rotation
c = fin chord
/ = model length
M = Mach number = U/a
P0 = stagnation pressure
Pb = fin base pressure
Poo = freestream static pressure
q = dynamic pressure fpU 2 = %yP,M2

Re = Reynolds number
RI = Reynolds number
TQ = stagnation temperature
t = fin thickness
U = freestream velocity
Uc = projectile cross velocity Uc = U sin a
S = body cross-sectional area 7rd2/4.
8^ = fin base area
A = body longitudinal cross-sectional area
y = radial distance from body centerline to fin cross section

a = angle of attack
O.B = body angle of attack
d = fin angle of cant
p = freestream density
fj, = freestream viscosity
co = spin rate of model (plus is clockwise looking upstream)
v = c*r/U or cod/2 U
c.p. = Magnus force center of pressure from base
e.g. = center of gravity
CL = lift force coefficient L/qS
CN = normal force coefficient N/qS
CN<X. = dCft/da
Cm = pitching moment coefficient m/qSd
Cma

 = dCm/da
Cf = Magnus force coefficient f/qSv (plus is to left looking

upstream)
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Cfa
CT = Magnus moment coefficient T/qSdv (plus is plus force

ahead of moment center)
CTa= dCT/da

Introduction

THE aerodynamic forces acting on a nonfinned body of
revolution in free flight can only be influenced by spin

through the viscous properties of the surrounding boundary


